ELEN E6761: Communication Networks

Homework 0: Solutions

1. Y ~ Poisson(u), Z ~ Geo(p), Y&Z : indep.
(a) P(Y =ilY < Z)fori>0:
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2. X1 ~ EXp()q),Xg ~ EXp()\Q), Z = Il'liIl(X17 XQ)
Let’s find the CDF of Z.

Frz(2)=P(Z<2)=1-P(Z>z2)=1-P(min(Xy, Xs) > 2)
—1-P(X;>2Xs>2) "1 -P(X; > 2)P(Xy > 2)

—1— e*)qz % e*)\gz —1— 67()\1+/\2)Z

fZ(Z) = Fé(z) — d}:iz(z> _ ()\1 + )\2)6—()\1+)\2)z

~ EXp()q + )\2)

3. X&Y ~ Exp(\), X&Y :indep., Z = | X — Y|

Fp(2) =P(Z < 2) =P(|X - Y| < 2)
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*. Exponential distribution is memoryless.

PX-Y <z[X>Y)isequal to P(Y — X <z|X <Y, so:
Fz(2) =1—e™ — fz7(2) = e ~ Exp()\)

. X ~ Poisson(\;),Y ~ Poisson(Aq), X&Y : indep.

P(X=kX+Y =n):
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P(X+Y =n)

B PY=n—-kP(X=k)

Y P(X+Y =n|X =5)P(X =)

e*)‘Q)\;*k e_’\l)\’f
B (O TR ()

SN e M A S e A2 NI TS

5=0 s!(n—s)!

P(X=kX+Y =n)=

n—k
b % Ak
_ Rt < )
1 n n! n—s
Hz l)\i)\2

s=0 sl(n—s)!

n! PUONa
TR — k) (O + Ao
ol A ApF
RN n = k) (A + AR (A + Ak
A1

~ Binomial(n

’/\1+/\2)

. Mean and Variance of random variables
(a) ¢(u) = exp(—5u® + 2ju)
We know that m,, = jingb(") (u)]u=o So:
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Var(X) =E [X*] — E*[X]
=10.

In fact this is the characteristic function of a Gaussian N(2,10) random variable.
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We should calculate limit:
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We should calculate limit:
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In fact, this is the characteristic function of a uniform U]0, 1] random variable.

. X, Y, Z are random variables with finite expectations. a,b € R and g : R — R.
(iv) EX|Y]=E[X]:

E[X|Y] = le@ 2[Y) "= 3 P (X = 2) = E[X]

(v) E[X]=E[E[X]|Z]] :
E[E[X|Z] = Z(Zﬂ?’ —x|Z:z)>IP(Z:z)

Zm[?’ =z|2)
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(vi) E[Xg(Y)[Y] = g(Y)E[X|Y]:
E [Xg(Y)|Y], itself is a random variable. And Y is a discrete random variable, so Assume
Y =y

E[XgY)|[Y =y =E[Xg(y)|Y =y] = g(y)E[X|Y =y] for all y

*: Given Y =y, g(Y) is determined. According to (ii) with a=g(y) and b=0, the result
is obtained.

So E[Xg(Y)[Y] = g(Y)E [X]Y]

(vii) E[X]Y, g(Y)] = E[X]Y]:
E[X]Y, g(Y)], itself is a random variable, and Y is a discrete random variable. Then given



E[X|Y =y, g9(Y)=g(y)] =Y 2P (X =2y =y,g(Y) =g(y))
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:ZxIP)(X:x|Y:y):]E[X|Y:y] for all y



